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A model body-centered cubic (bcc) hydrogen solid is studied using density functional theory in
the local spin density approximation (LSDA) and in the generalized gradient approximation (GGA).
In GGA, the paramagnetic to antiferromagnetic phase transition occurs at a higher density, and is
in much better agreement with previous variational quantum Monte Carlo (VQMC) calculations
than LSDA. The metal-insulator transition in GGA is observed at a higher density and is also closer
to the VQMC result than LSDA. In the limit of isolated hydrogen atoms, we nd that in GGA the
self-consistent electron density is greatly improved over LSDA due to a better cancellation of the
electronic self-interaction.

I. INTRODUCTION
Although density functional theory (DFT) in the local spin density approximation (LSDA) correctly describes the
electronic structure of many systems, it fails in certain cases. In particular, the typical Mott insulators such as the
transition metal oxides FeO and CoO are found to be metals. For CuO, not even the antiferromagnetic (AFM) order,
a ground state property, is reproduced. [1] Likewise, the undoped parent compound of high-Tc materials, La2CuO4 ,
is a paramagnetic metal [2] in LSDA, but an AFM insulator in experiment.
To overcome these diculties, the LSDA has been improved in several di erent ways. The self-interaction-corrected
LSDA (SIC-LSDA) correctly predicts that MnO, FeO, CoO, NiO, and CuO are AFM insulators, and drastically
improves gaps and local magnetic moments. [3] Due to the numerical e ort involved, this method is however not
readily applicable to larger systems.
Other studies employ an \LDA+U" approach, [1,2,4{6] where the local density approximation (LDA) or LSDA
are augmented by additional terms to introduce the Hubbard energy U . These methods have enjoyed considerable
success [2,5] in that they correctly reproduce the AFM ground states of NiO, CoO, FeO, and La2CuO4 . A systematic
improvement of the ground-state and single-electron excited-state properties over LSDA has also been reported [7]
for LaM O3 perovskites (M =Ti-Cu). On the other hand, the method fails for early 3d transition-metal oxides. [1]
Finally, generalized gradient approximations [8] (GGA) have been applied to Mott insulators. A fairly clear picture
emerges from a literature review. [9{12] GGA systematically improves over LSDA, but often not enough. For instance,
the insulating YTiO3 is metallic [9] both in GGA and LSDA, but with a smaller band overlap in GGA. GGA slightly
enhances the magnetic moments of MnO, NiO, and CoO, and substantially improves the HOMO-LUMO band gaps
of MnO and NiO. [10] In GGA, the AFM insulator CaCuO2 is found [11] to be a paramagnetic (PM) metal, but it is
closer to an AFM instability than in LSDA. For FeF2 , CoF2 , [10] YVO3 , and LaVO3, [12] GGA correctly yields an
insulator, whereas LSDA predicts a metal.
In this article, we compare the Ceperley-Alder [13] LSDA functional in the parametrization of Perdew and Zunger
[14] with the Perdew-Wang 91 GGA functional (GGA PW91). [8] We consider two systems: atomic hydrogen, and a
model body-centered cubic (bcc) atomic hydrogen crystal. For atomic hydrogen, the exact solution to the electronic
structure problem is known. In the bcc model solid, we can judge the quality of the density functionals by comparing
with variational quantum Monte Carlo (VQMC) calculations from Zhu's dissertation. [15] We will focus on the
accuracy with which the density functionals reproduce the magnetic and the Mott metal-insulator transitions. This
transition is of particular interest because of the ongoing experimental e orts to produce metallic hydrogen. [16{18]
In contrast with many metal oxides, solid hydrogen is a rather delocalized system, since near the phase transition, the
hydrogen 1s wave functions overlap considerably. Therefore, the \LDA+U" method might not be appropriate here.
[4]
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II. HYDROGEN ATOM
In the Kohn-Sham [19] approach, the electronic energy Etot is the sum of four terms:
Etot

= T + V + EH + Exc :

(1)

For a single-electron system such as the hydrogen atom, the exchange-correlation energy Exc should exactly cancel
the spurious self-interaction Hartree energy EH , such that only the kinetic energy T and the ionic potential energy
V are left, and the corresponding Kohn-Sham equation turns into Schr
odinger's equation. The exchange-correlation
energy Exc can be decomposed further into exchange and correlation energy, Exc = Ex + Ec , where Ex is de ned as
the Kohn-Sham exchange energy computed from the single-particle density matrix of the exact Kohn-Sham orbitals.
[20] Obviously, Ex = EH , and therefore Ec = 0.
In Table I, we show the numerical values for the various terms in (1) for the hydrogen atom. The energies have
been calculated with the self-consistent electron number densities n(r). Similar results have been published previously,
[20,21] but not for self-consistent densities. For comparison, we also show the exact analytic results in Table I. The
GGA PW91 functional not only gives a much better agreement for the total energy than LSDA, but also the individual
terms are closer to the exact values. Further, the separation between exchange and correlation appears to be improved,
although from a practical point of view, this is immaterial.
As is evident from the kinetic and potential energy terms in Table I, the self-consistent electron densities in GGA
PW91 and LSDA must di er. They are shown in Fig. 1, along with the exact density. We see that the GGA PW91
pulls the wave function in towards the nucleus, compared to the LSDA, such that the self-consistent density is much
closer to the exact one. This also explains why the kinetic energy is higher, and the potential energy is lower in GGA
PW91 than in LSDA.
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FIG. 1. Electron number density n(r) of the hydrogen atom as a function of the radius. Shown are the exact density (solid
line), and the self-consistent densities in LSDA (dashed line) and GGA PW91 (dot-dashed line).

The di erences in the self-consistent electron density are due to the exchange-correlation potential vxc(r) =
Fig. 2 shows the exchange-correlation potentials for LSDA and GGAR PW91, and the exact exchangecorrelation potential, which is just the negative of the Hartree potential, vH (r) = jnr (rr)j d3 r0 , using Rydberg units.
We see that neither LSDA nor GGA PW91 track the exact exchange correlation potential well, and they both do not
show the correct asymptotic limit [22] for large r, which is limr!1 vxc (r) = 2=r. The wiggle in the GGA PW91
exchange-correlation potential at about r = 5 a.u. (1 a.u. being the Bohr radius) is not an artifact of the numerical
implementation, but stems from the particular functional form of the PW91 exchange potential. Notice also the
divergence at the origin, which is intrinsic to all gradient-corrected functionals. The improved quality of the electron
density in GGA PW91 over LSDA thus appears somewhat fortuitous, since the potential shows de ciencies at large
Exc =n(r).
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and small r, but has just the appropriate slope in the regime between r  1 3 a.u. to yield a good density. A similar
shape for vxc (r), and a comparable improvement of the self-consistent density has been previously reported for the
closed-shell helium [23] and neon [24] atoms.
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FIG. 2. Exchange-correlation potential vxc (r) in Rydbergs for the hydrogen atom as a function of the radius. Shown are the
exact vxc (solid line), and the self-consistent vxc in LSDA (dashed line) and GGA PW91 (dot-dashed line).

III. SOLID HYDROGEN
A crystal of suciently separated hydrogen atoms obviously is an insulator. However, without magnetic order, a
one-electron band structure picture predicts metallic behavior, because the 1s band is only half lled. This error is
remedied if AFM order is assumed, [25] which leads to a doubling of the unit cell size, and can open a band gap.
With now two atoms in the unit cell, there are four bands derived from the atomic 1s states (one for each spin and
atom). Although by symmetry spin up and spin down bands are degenerate, the four bands can split into two pairs,
separated by an energy gap. If the hydrogen atoms are brought closer together, the band dispersion increases, and
at some critical lattice constant the occupied and unoccupied bands start overlapping, at which point the insulator
becomes a metal. This can occur while still the AFM order is preserved. As the distance between the hydrogen atoms
is decreased further, the AFM order vanishes, and a PM metal is found.
In contrast with the band theory of \itinerant" Bloch electrons is the Hubbard model Hamiltonian approach, [26]
which was developed to describe systems where the electrons are fairly localized. There, two parameters describe
the physical properties of the system: the electron hopping interaction t and the intra-atomic Coulomb correlation
interaction energy U . Except for a few special cases, exact solutions of the Hubbard model Hamiltonian are not
known. Some important conclusions however can be drawn from it. [27] For instance, Hubbard [26] demonstrated
that the existence of an insulating gap does not require spin order. This is quite in contrast to the Slater picture,
where the insulating phase must be spin ordered. Based on a screening argument, Mott argued that the metalinsulator transition should be of rst order, and suggested that the magnetic transition might occur simultaneously
with the metal-insulator transition. [28] However, since the long-range Coulomb interaction is treated as a short-range
phenomenon in the Hubbard model, the physics of the Hubbard model metal-insulator transition should be quite
di erent [27] from the one originally suggested by Mott. [29]
By using the Kohn-Sham equations of DFT, we commit to band theory. There is no reason to believe that DFT
must therefore fail. In fact, the magnetization is a ground state property, and is hence accessible to DFT. The
Kohn-Sham eigenvalues on the other hand cannot be interpreted as quasi-particle excitation energies. It has been
argued [1] that the gap in LSDA is related to a Hund's rule exchange term rather than the Hubbard parameter U ,
and therefore the gap will necessarily come out too small. Because Kohn-Sham eigenvalues are nevertheless frequently
used to characterize materials, we will compare LSDA and GGA gaps with those obtained from VQMC calculations.
3

Several DFT studies of atomic hydrogen solids can be found in the literature. [3,30{34] Using LSDA and the
linearized mun-tin orbital method in the atomic sphere approximation (LMTO-ASA), Min [32] et al report a PMAFM transition for bcc hydrogen at a Wigner-Seitz radius of rs = 2:55 a.u., and a metal-insulator transition at
rs = 2:85 a.u.. Moruzzi and Marcus [33] employ LSDA to study a hydrogen fcc lattice, where they nd a secondorder PM-FM transition at rs = 2:7 a.u. (the AFM solution was not considered). At rs = 3:0 a.u. they observe a
second-order metal-insulator transition. Finally, Svane and Gunnarsson [3] compare LSDA with the self-interaction
corrected LSDA (SIC-LSDA), and nd SIC-LSDA to produce a simultaneous rst order PM-AFM and metal-insulator
transition at rs = 2:45 a.u. for the bcc hydrogen solid.
Our calculations on bcc hydrogen are performed using a local pseudopotential of the Kerker type [35] with a cuto
radius of 0.7 a.u.. The wave functions are expanded in plane waves up to a 60 Ry energy cuto . A 14  14  14
Monkhorst-Pack [36] grid is used to sample the Brillouin zone with 84 k-points in the irreducible wedge.
The results for the sublattice magnetic moment are shown in Fig. 3. In LSDA, the PM-AFM transition is found
at rs = 2:5 a.u., in agreement with previous results. [3,32] With the GGA PW91, the phase transition occurs at
the higher density rs = 2:25 a.u., which is much closer to the VQMC result of rs = 2:2 a.u.. Thus, GGA not only
improves the description of the hydrogen atom, but also of the solid. From the absence of hysteresis and the shape of
the curves in Fig. 3, we conclude that the PM-AFM transitions in both LSDA and GGA PW91 are of second order,
or at most very weakly rst order. The VQMC results indicate a weak rst-order transition, [15] but the statistical
noise is too large for a de nite statement. Notice that SIC-LSDA [3] observes the magnetic transition at rs = 2:45
a.u., although this value might not be reliable due to sensitivities to the LSDA functional parameterization. [3]
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FIG. 3. Sublattice magnetic moment of the bcc atomic hydrogen solid in units of B (Bohr magneton) as a function of rs in
a.u.. The GGA magnetic moment (dot-dashed line) is close to the VQMC result (solid line), and clearly improves over LSDA
(dashed line).

Fig. 4 shows the band gap of bcc hydrogen at di erent densities. In close agreement with Min et al., [32] we nd bcc
hydrogen to be an insulator in LSDA for rs > 2:8 a.u.. Using GGA PW91, the metal-insulator transition is observed
at rs = 2:5 a.u., and consequently occurs at lower density than the magnetic transition. VQMC on the other hand
indicates metallic behavior for rs smaller than about 2:2 2:3 a.u., and thus the Mott and PM-AFM transitions occur
at very similar densities. The agreement between GGA and VQMC is not as good as for the magnetic transition, but
is much improved over LSDA.
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FIG. 4. Energy gap (in eV) of the bcc hydrogen solid as a function of rs (in a.u.). The GGA gap (dot-dashed line) opens at
lower densities than in LSDA (dashed line), but is still o from the VQMC result (solid line).

IV. CONCLUSION
In conclusion, it has been shown that for a bcc hydrogen crystal, GGA gives a metal-insulator and a PM-AFM phase
transition at higher density than LSDA, and is in better agreement with VQMC results. Both transitions are most
likely of second order in both LSDA and GGA. In the limit of the isolated hydrogen atom, the better cancellation of
the self-interaction Hartree term in GGA leads to an improved self-consistent electron density, although the exchangecorrelation
potential in GGA is rather di erent from the exact one.
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Etot

T

V

EH

Ex

Ec

Exc

Exact
-1
1
-2
0.625
-0.625
0
-0.625
LSDA
-0.958
0.933
-1.891
0.597
-0.513
-0.044
-0.557
PW91
-1.003
0.993
-1.991
0.615
-0.606
-0.013
-0.619
TABLE I. Values (in Rydbergs) for total energy Etot, kinetic energy T , potential energy V , Hartree energy EH , exchange
energy Ex, correlation energy Ec, and exchange-correlation energy Exc. A self-consistent electron density is used for the GGA
PW91 functional and the LSDA.
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